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Abstract
The Darboux transformations for the two dimensional elliptic affine Toda equa-
tions corresponding to all seven infinite series of affine Kac-Moody algebras, in-
cluding A
(1)
l , A
(2)
2l , A
(2)
2l−1, B
(1)
l , C
(1)
l , D
(1)
l and D
(2)
l+1, are presented. The Darboux
transformation is constructed uniformly for the latter six series of equations with
suitable choice of spectral parameters and the solutions of the Lax pairs so that
all the reality symmetry, cyclic symmetry and complex orthogonal symmetry of the
corresponding Lax pairs are kept invariant. The exact solutions of all these two
dimensional elliptic affine Toda equations are obtained by using Darboux transfor-
mations.
1 Introduction
The two dimensional Toda equations [12] are important integrable systems. They have
been studies by various methods such as inverse scattering, Hirota method, Darboux
transformation etc. [1, 6, 8, 10, 13, 20]. They also have important applications in Toda
field theory [4, 26] and in both Riemannian and affine geometry [2, 5, 11, 18, 19, 20, 21].
For any affine Kac-Moody algebra g, there is a two dimensional elliptic Toda equation
[7, 11]
△wk = exp
( l∑
i=1
cikwi
)
− κk exp
( l∑
i=1
ci0wi
)
(k = 1, · · · , l) (1)
where C = (cij)0≤i,j≤l is the generalized Cartan matrix of g, and (κ0, · · · , κl)C = 0.
There are seven infinite series of affine Kac-Moody algebras: A
(1)
l , A
(2)
2l , A
(2)
2l−1, B
(1)
l ,
C
(1)
l , D
(1)
l , D
(2)
l+1 [7]. The A
(1)
l Toda equation is just the periodic Toda equation and has
been studied by a lot of authors. Especially, the Darboux transformation was given by [9]
in a simple form. For the two dimensional Toda equations with g = A
(1)
l , A
(2)
2l and A
(2)
2l−1,
the Darboux transformation for complex solutions was presented in [15, 16, 17]. For the
two dimensional (real) hyperbolic affine Toda equations with g = A
(2)
2l , C
(1)
l and D
(2)
l+1,
the binary Darboux transformation (in integral form) was given by [14] and the Darboux
transformation (in differential form) was given by [23, 24, 25].
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In this paper, we present the construction of Darboux transformation for a Lax pair
on R2 with a reality symmetry, a cyclic symmetry and a complex orthogonal symmetry
simultaneously. This system contains the two dimensional elliptic Toda equations corre-
sponding to the affine Kac-Moody algebras A
(2)
2l , A
(2)
2l−1, B
(1)
l , C
(1)
l , D
(1)
l and D
(2)
l+1. The
degree of Darboux transformation must be high enough to keep all the symmetries of
the Lax pairs. What is more, in order to get real solutions, the construction of Darboux
transformations in elliptic case is different from that in hyperbolic case or in complex
case. The main differences are that the distribution of their spectra are different, and the
Darboux matrix depends only on the solutions of the Lax pair in hyperbolic or complex
case but depends explicitly on both the solutions of the Lax pair and the potentials in
elliptic case. For the two dimensional elliptic Toda equations corresponding to A
(1)
l , there
is only a reality symmetry and a cyclic symmetry. Hence its Darboux transformation can
be constructed in a comparatively easier way.
In Section 2, the Lax pair containing the two dimensional elliptic A
(2)
2l , A
(2)
2l−1, B
(1)
l ,
C
(1)
l , D
(1)
l and D
(2)
l+1 Toda equations and its symmetries are discussed. This leads to the
symmetries of the spectrum and the symmetries of the corresponding solutions of the Lax
pair. In Section 3, we discuss the general construction of Darboux transformation which
keeps all the reality symmetry, cyclic symmetry and complex orthogonal symmetry. The
simplified explicit expressions of the solutions are obtained by Darboux transformations.
In Section 4, the Darboux transformation for the two dimensional elliptic A
(1)
l Toda
equation is presented briefly, and the Darboux transformations for the two dimensional
elliptic A
(1)
l , A
(2)
2l , A
(2)
2l−1, B
(1)
l , C
(1)
l , D
(1)
l and D
(2)
l+1 Toda equations are derived from the
general results in Section 3.
2 Elliptic Toda equations and their Lax pairs
First we present some notations.
Let N and m be integers with N ≥ 2. Let r1, · · · , rN be integers whose values are only
1 or 2 such that rj = 2 only if 2j ≡ mmodN . Denote M = r1 + · · ·+ rN .
We divide any M ×M matrix A as A = (Ajk)1≤j,k≤N where Ajk is a matrix of order
rj × rk. For convenience, the subscripts of a submatrix of a matrix A or a vector v
are supposed to take any integer so that Aj′k′ = Ajk and vj′ = vj if j
′ ≡ jmodN and
k′ ≡ kmodN .
Let ω = exp(2pii/N), Ω = (ω−j+1Irjδjk)1≤j,k≤N . Let K = (Kjk)1≤j,k≤N be an M ×M
invertible real symmetric matrix such that Kj,m−j = 1 if rj = 1, Kj,m−j =
(
0 1
1 0
)
if
rj = 2, and Kjk = 0 if j + k 6≡ mmodN . Let J = (Jjk)1≤j,k≤N be an M ×M real matrix
satisfying KJK = JT and ΩJΩ−1 = ωJ .
Then ΩN = IM where Ik is the k × k identity matrix, K satisfies K
2 = IM and
ΩKΩ = ω2−mK, and Jjk = 0 unless k − j ≡ 1modN .
Remark. Since K is invertible and symmetric, rj = rm−j must hold. Hence if there
is only one j such that rj = 2, then j must satisfies 2j ≡ mmodN . The condition that
rj = 2 only if 2j ≡ mmodN at the beginning of this section is a stronger one so that the
Darboux transformation constructed later will keep all the symmetries.
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Let z = (x+iy)/2, z¯ = (x−iy)/2 be the complex coordinates ofR2, then the Laplacian
△ = ∂z∂z¯. Consider the Lax pair
Φz = (λJ + P )Φ, Φz¯ =
1
λ
QΦ (2)
where
P = VzV
−1, Q = V JTV −1 (3)
and V (z, z¯) is an M ×M real diagonal matrix.
The integrability condition of (2) is
(VzV
−1)z¯ + [J, V J
TV −1] = 0, (4)
which is a kind of two dimensional Toda equation when V has certain symmetries.
We will consider V satisfying reality symmetry V¯ = V , cyclic symmetry ΩV Ω−1 = V
and complex orthogonal symmetry V TKV = K with respect to the indefinite metric
given by the real symmetric matrix K, so that (4) will lead to the two dimensional elliptic
A
(2)
2l , A
(2)
2l−1, B
(1)
l , C
(1)
l , D
(1)
l and D
(2)
l+1 Toda equations. Without the complex orthogonal
symmetry, (4) will lead to the two dimensional elliptic A
(1)
l Toda equation.
By direct computation, we have
Lemma 1 If the diagonal matrix V (z, z¯) satisfies
V¯ = V, ΩV Ω−1 = V, V TKV = K, (5)
then P = VzV
−1 and Q = V JTV −1 satisfy
ΩPΩ−1 = P, ΩQΩ−1 = ω−1Q,
KPK = −P T , KQK = QT .
(6)
Remark. If Ω is changed to ωΩ, then the relation ΩKΩ = ω2−mK is changed to
ΩKΩ = ω2−(m+2)K, but ΩJΩ−1 = ωJ and ΩV Ω−1 = V are unchanged. This means that
the system is invariant if m is changed to m+ 2 and any subscript j is changed to j + 1.
Therefore, it is only necessary to choose m = 1 or m = 2 when N is even and m = 2
when N is odd. Other systems are equivalent to these ones.
The symmetries of the Lax pair lead to the symmetries of its solutions. This fact is
shown in the following lemma and will be used in constructing Darboux transformations
in the next section.
Lemma 2 Suppose V satisfies (5), Φ is a solution of the Lax pair (2) with λ = λ0, then
the following facts hold.
(i) ΩΦ is a solution of (2) with λ = ωλ0.
(ii) KV −1Φ¯ is a solution of (2) with λ = 1/λ¯0.
(iii) Ψ = KΦ is a solution of the adjoint Lax pair with λ = −λ0:
Ψz = −(−λ0J
T + P T )Ψ, Ψz¯ = −
1
−λ0
QTΨ. (7)
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(iv) When N is even, Ψ = KΩN/2Φ is a solution of the adjoint Lax pair with λ = λ0:
Ψz = −(λ0J
T + P T )Ψ, Ψz¯ = −
1
λ0
QTΨ. (8)
Hence ΦTKΩN/2Φ is a constant when N is even.
Proof (i) follows from
(ΩΦ)z = Ω(λ0J + VzV
−1)Φ = (ωλ0J + VzV
−1)ΩΦ,
(ΩΦ)z¯ =
1
λ0
ΩV JTV −1Φ =
1
ωλ0
V JTV −1ΩΦ.
(9)
(ii) follows from
(KV −1Φ¯)z =
1
λ¯0
KV −1V JTV −1Φ¯−KV −1VzV
−1Φ¯
=
( 1
λ¯0
J + VzV
−1
)
KV −1Φ¯,
(KV −1Φ¯)z¯ = KV
−1(λ¯0J + Vz¯V
−1)Φ¯−KV −1Vz¯V
−1Φ¯
= λ¯0V J
TV −1KV −1Φ¯.
(10)
(iii) follows from
KΦz = K(λ0J + VzV
−1)Φ = −(−λ0J
T + (VzV
−1)T )KΦ,
KΦz¯ =
1
λ0
KV JTV −1Φ = −
1
−λ0
(V JTV −1)TKΦ.
(11)
(iv) follows from (i) and (iii). The lemma is proved.
3 Darboux transformation
A matrix
T (z, z¯, λ) =
L∑
j=0
Tj(z, z¯)λ
L−j , T0 = I (12)
is called a Darboux matrix of degree L for the Lax pair (2) if there exists a diagonal
matrix V˜ (z, z¯) satisfying
¯˜
V = V˜ , ΩV˜ Ω−1 = V˜ , V˜ TKV˜ = K, (13)
such that for any solution Φ of (2), Φ˜ = TΦ satisfies
Φ˜z = (λJ + P˜ )Φ˜, Φ˜z¯ =
1
λ
Q˜Φ˜ (14)
with
P˜ = V˜zV˜
−1, Q˜ = V˜ JT V˜ −1. (15)
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If a Darboux matrix is constructed, new solutions of the two dimensional elliptic affine
Toda equations can be obtained from a known one.
When the symmetries in (13) are not considered, the Darboux transformation can be
constructed according to [22] (c.f. also [3]) as follows.
Let λ1, · · · , λL, λˆ1, · · · , λˆL be distinct complex constants. Let Hj be a solution of the
Lax pair with λ = λj, Hˆj be a solution of the adjoint Lax pair with λ = λˆj . Let
Γjk =
HˆTj Hk
λk − λˆj
(j, k = 1, · · · , L), Γˇ = Γ−1. Then
T (λ) =
L∏
i=1
(λ− λˆi)
(
I −
L∑
j,k=1
HjΓˇjkHˆ
T
k
λ− λˆk
)
(16)
is a Darboux matrix without considering symmetries.
However, for our problem, the symmetries in (13) must be satisfied. When N is odd,
the construction of Darboux transformation is comparatively easier. However, when N
is even, the following problem is encountered. In fact, (i) and (iii) of Lemma 2 imply
that if λ0 is an eigenvalue of the Lax pair (2), ω
N/2λ0 = −λ0 is an eigenvalue of the
adjoint Lax pair (8). If we choose λj = ω
j−1µ, λN+j = ω
j−1µ¯−1, λˆj = −ω
j−1µ, λˆN+j =
−ωj−1µ¯−1 (j = 1, · · · , N) with µ 6= 0 and |µ| 6= 1 as introduced by Lemma 2, then
λ1, · · · , λ2N , λˆn, · · · , λˆ2N are not distinct, so Γ will not exist, let alone T (λ). On the other
hand, if we choose λj = ω
j−1µ, λˆj = −ω
j−1µ (j = 1, · · · , N) with µ 6= 0 and |µ| 6= 1, then
λ1, · · · , λN , λˆn, · · · , λˆN are distinct. However, in order to keep the complex orthogonal
symmetry, the solution Hj cannot be chosen as column solution, but M ×M/2 matrix
solution, which makes the result complicated when M is even and impossible when M is
odd. In order to solve this problem, a limit process is needed.
No matter N is odd or even, the Darboux transformation can be constructed uniformly
as follows.
Let Φ(z, z¯, λ) be a column solution of the Lax pair (2). When N is even, Φ(z, z¯, λ)
should satisfy an extra condition that
Φ(z0, z¯0, λ)
TKΩN/2Φ(z0, z¯0, λ) = 0 (17)
holds for all λ and certain point (z0, z¯0). Then according to (iv) of Lemma 2,
Φ(z, z¯, λ)TKΩN/2Φ(z, z¯, λ) = 0 (18)
holds identically.
Let
λj(λ) = ω
j−1λ, Φj(z, z¯, λ) = Ω
j−1Φ(z, z¯, λ),
λN+j(λ) = ω
j−1λ¯−1, ΦN+j(z, z¯, λ) = KV
−1Ω−j+1Φ(z, z¯, λ)
(19)
(j = 1, 2, · · · , N). According to (i) and (ii) of Lemma 2, each Φj(z, z¯, λ) is a solution of
(2) with λ replaced by λj(λ) (j = 1, · · · , 2N), and Φj+1 = ΩΦj , ΦN+j+1 = ω
m−2ΩΦN+j
for j = 1, 2, · · · , N − 1. Moreover, (iv) of Lemma 2 implies that ΦTj KΩ
N/2Φj = 0 holds
for j = 1, 2, · · · , 2N when N is even.
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Let µ be a non-zero complex number with |µ| 6= 1. Denote
H(z, z¯) = Φ(z, z¯, µ), H ′(z, z¯) =
∂Φ
∂λ
(z, z¯, λ)
∣∣∣
λ=µ
. (20)
Then
HTKΩN/2H = 0, H ′TKΩN/2H = −HKΩN/2H ′ (21)
when N is even. Note that the relations in (21) are identities without any conditions
when N is even and m is odd, since (KΩN/2)T = (−1)2−mKΩN/2.
Let
µj = ω
j−1µ, Hj = Ω
j−1H,
µN+j = ω
j−1µ¯−1, HN+j = KV
−1Ω−j+1H¯
(22)
(j = 1, 2, · · · , N). Moreover, let H ′j = Ω
j−1H ′, H ′N+j = KV
−1Ω−j+1H¯ ′ (j = 1, 2, · · · , N)
when N is even.
Let Γ = (Γjk)2N×2N where
Γjk(z, z¯) = lim
λ→µ
ΦTj (z, z¯, λ)KΦk(z, z¯, µ)
λj(λ) + µk
. (23)
By direct computation, we have
Lemma 3 If N is odd, or N is even and µj + µk 6= 0, then
Γjk =
HTj KHk
µj + µk
. (24)
If N = 2n is even and µj +µk = 0, then k = j+n (1 ≤ j ≤ n) or j = k+n (1 ≤ k ≤ n),
and
Γj,n+j = ω
−j+1H ′Tj KHn+j,
Γn+j,j = −ω
−j+1H ′Tn+jKHj,
ΓN+j,N+n+j = −ω
−j+1µ¯2H ′TN+jKHN+n+j,
ΓN+n+j,N+j = ω
−j+1µ¯2H ′TN+n+jKHN+j
(25)
for j = 1, 2, · · · , n. Moreover, for all j, k = 1, · · · , 2N , Γjk’s satisfy
ΓTjk = Γkj, (26)
and
Γjk,z = H
T
j KJHk, Γjk,z¯ =
1
µjµk
HTj KQHk. (27)
Denote Γˇ = Γ−1 when Γ is invertible. Let
T (λ) =
2N∏
i=1
(λ+ µi)
(
I −
2N∑
j,k=1
HjΓˇjkH
T
k K
λ+ µk
)
, (28)
then T (λ) is of form (12) with L = 2N .
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It can be checked directly that
T (λ)−1 =
2N∏
i=1
(λ+ µi)
−1
(
I +
2N∑
j,k=1
HjΓˇjkH
T
k K
λ− µj
)
. (29)
Moreover, from (28),
T1 =
2N∑
i=1
µi −
2N∑
j,k=1
HjΓˇjkH
T
k K,
T2N =
2N∏
i=1
µi
(
I −
2N∑
j,k=1
HjΓˇjkH
T
k K
µk
)
.
(30)
Lemma 4 Suppose T (λ) is given by (28), then (14) holds where
P˜ = P − [J, T1], Q˜ = T2NQT
−1
2N . (31)
Moreover, if the diagonal matrix V˜ satisfies
V˜ = ρ−1T2NV (32)
where ρ is a non-zero complex constant, then P˜ = V˜zV˜
−1 and Q˜ = V˜ JT V˜ −1 satisfy (31).
Proof With (27) and (31), it can be verified by direct computation that
(λJ + P˜ )T − T (λJ + P )− Tz = 0,
λ−1Q˜T − λ−1TQ− Tz¯ = 0
(33)
hold for all λ, which are equivalent to (14).
Clearly, V˜ JT V˜ −1 = T2NQT
−1
2N is true. It is only necessary to prove that V˜zV˜
−1 =
P − [J, T1] holds. Taking λ = 0 in
Tz + T (λJ + P ) = (λJ + P − [J, T1])T (34)
which is the first equation of (33), we get
T2N,z + T2NP = (P − [J, T1])T2N . (35)
On the other hand,
T2N,z + T2NP = V˜zV˜
−1T2N (36)
holds by differentiating (32). Hence V˜zV˜
−1 = P − [J, T1]. The lemma is proved.
Theorem 1 Suppose V satisfies V¯ = V , ΩV Ω−1 = V and V TKV = K, then T (λ)
satisfies
T (−λ)TKT (λ) = (λ2N − µ2N )(λ2N − µ¯−2N)K, (37)
ΩT (λ)Ω−1 = T (ωλ), (38)
λ2NT (λ¯−1) = KV −1T−12NT (λ)V K. (39)
Especially, T2N satisfies the relations T
T
2NKT2N = (µ/µ¯)
2NK, ΩT2NΩ
−1 = T2N and
T ∗2N = (µ¯/µ)
2NV −1T2NV where
∗ refers to Hermitian conjugation. Therefore, (T2N )jk 6= 0
only if j = k, and the diagonal part of (µ¯/µ)N(T2N ) is real.
Moreover, if (T2N )jj is diagonal whenever rj > 1, then (µ¯/µ)
NT2N is a real diagonal
matrix, and V˜ = (µ¯/µ)NT2NV satisfies
¯˜V = V˜ , ΩV˜ Ω−1 = V˜ and V˜ TKV˜ = K.
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Proof With ΓˇTjk = Γˇkj, (37) follows directly from (28), (29) and the fact
2N∏
i=1
(µ2i−λ
2) =
(λ2N − µ2N)(λ2N − µ¯−2N ).
Denote
Γ =
(
A B
C D
)
(40)
where A, B, C, D are N ×N matrices. For j, k = 1, · · · , 2N ,
Ajk =
HTj KHk
µj + µk
=
HTΩj−1KΩk−1H
ωj−1µ+ ωk−1µ
= ω(1−m)(j−1)
HTKΩk−jH
(1 + ωk−j)µ
(if ωk−j 6= −1),
Bjk =
HTj KHN+k
µj + µN+k
=
HTΩj−1V −1Ω−k+1H¯
ωj−1µ+ ωk−1µ¯−1
= ω−(j−1)
HTV −1Ωj−kH¯
µ+ ωk−jµ¯−1
,
Cjk =
HTN+jKHk
µN+j + µk
=
H∗Ω−j+1V −1Ωk−1H
ωj−1µ¯−1 + ωk−1µ
= ω−(j−1)
H∗V −1Ωk−jH
µ¯−1 + ωk−jµ
,
Djk =
HTN+jKHN+k
µN+j + µN+k
=
H∗Ω−j+1V −1KV −1Ω−k+1H¯
ωj−1µ¯−1 + ωk−1µ¯−1
= ω(m−3)(j−1)
H∗KΩj−kH¯
(1 + ωk−j)µ¯−1
(if ωk−j 6= −1).
(41)
ωk−j = −1 occurs only when N = 2n is even and j − k ≡ nmodN . In this case,
Aj,j+εn = ω
(1−m)(j−1)H ′TKΩnH,
Dj,j+εn = −ω
(m−3)(j−1)µ¯2H ′ ∗KΩnH¯
(42)
where ε = 1 for j = 1, · · · , n and ε = −1 for j = n + 1, · · · , 2n.
Hence Γ satisfies(
E
E
)
Γ
(
E
E
)−1
= ω−1
(
1
ωm−2
)
Γ
(
ω2−m
1
)
(43)
where E = (δj,k−1)1≤j,k≤N . Denote Γ
−1 =
(
Aˇ Bˇ
Cˇ Dˇ
)
where Aˇ, Bˇ, Cˇ, Dˇ are N × N
matrices, then(
E
E
)
Γ−1
(
E
E
)−1
= ω
(
ωm−2
1
)
Γ−1
(
1
ω2−m
)
. (44)
Hence for j, k = 1, · · · , N ,
Aˇj−1,k−1 = ω
1−mAˇjk, Bˇj−1,k−1 = ω
−1Bˇjk,
Cˇj−1,k−1 = ω
−1Cˇjk, Dˇj−1,k−1 = ω
m−3Dˇjk.
(45)
On the other hand, by the definition of Hj ’s,
ΩHj = Hj+1, ΩHN+j = ω
2−mHN+j+1,
HTk KΩ
−1 = ωm−2HTk+1K, H
T
N+kKΩ
−1 = HTN+k+1K
(46)
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for j, k = 1, · · · , N − 1. (45) and (46) lead to
ΩT (λ)Ω−1 =
2N∏
i=1
(λ+ µi)Ω
(
I −
N∑
j,k=1
HjAˇjkH
T
k K
λ+ µk
−
N∑
j,k=1
HjBˇjkH
T
N+kK
λ+ µN+k
−
N∑
j,k=1
HN+jCˇjkH
T
k K
λ+ µk
−
N∑
j,k=1
HN+jDˇjkH
T
N+kK
λ+ µN+k
)
Ω−1
=
2N∏
i=1
(λ+ µi)
(
I − ωm−2
N∑
j,k=1
Hj+1AˇjkH
T
k+1K
λ+ µk
−
N∑
j,k=1
Hj+1BˇjkH
T
N+k+1K
λ+ µN+k
−
N∑
j,k=1
HN+j+1CˇjkH
T
k+1K
λ + µk
− ω2−m
N∑
j,k=1
HN+j+1DˇjkH
T
N+k+1K
λ+ µN+k
)
=
2N∏
i=1
(ωλ+ µi)
(
I − ωm−1
N∑
j,k=1
HjAˇj−1,k−1H
T
k K
ωλ+ µk
− ω
N∑
j,k=1
HjBˇj−1,k−1H
T
N+kK
ωλ+ µN+k
−ω
N∑
j,k=1
HN+jCˇj−1,k−1H
T
k K
ωλ+ µk
− ω3−m
N∑
j,k=1
HN+jDˇj−1,k−1H
T
N+kK
ωλ+ µN+k
)
= T (ωλ).
(47)
This proves (38).
By (41) and (42),
A¯jk = ω
j+k−2µ¯−2Djk, B¯jk = ω
j+k−2µ¯−1µCjk,
C¯jk = ω
j+k−2µ¯−1µBjk, D¯jk = ω
j+k−2µ2Ajk,
(48)
i.e.
A¯ = µ¯−2Ω−1DΩ−1, B¯ = µ¯−1µΩ−1CΩ−1,
C¯ = µ¯−1µΩ−1BΩ−1, D¯ = µ2Ω−1AΩ−1.
(49)
Hence
Γ¯ =
(
µ¯−1Ω−1
µΩ−1
)
Γ
(
µΩ−1
µ¯−1Ω−1
)
, (50)
Γ¯−1 =
(
µ¯Ω
µ−1Ω
)
Γ−1
(
µ−1Ω
µ¯Ω
)
. (51)
Written in components,
¯ˇAjk = ω
−j−k+2µ¯2Dˇjk,
¯ˇBjk = ω
−j−k+2µ−1µ¯Cˇjk,
¯ˇCjk = ω
−j−k+2µ−1µ¯Bˇjk,
¯ˇDjk = ω
−j−k+2µ−2Aˇjk,
(52)
i.e.
¯ˇΓjk =
1
µN+jµN+k
ΓˇN+j,N+k. (53)
By the definition of Hj’s,
H¯j = KV
−1HN+j , H
∗
kK = H
T
N+kV
−1 (j, k = 1, · · · , 2N). (54)
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By (53), (54) and the fact µN+kµ¯k = 1 for k = 1, · · · , 2N ,
λ2NT2NKV
−1T (λ¯−1)V K
= λ2N
2N∏
i=1
(λ−1 + µ¯i)T2NKV
−1
(
I −
2N∑
j,k=1
H¯j
¯ˇΓjkH
∗
kK
λ−1 + µ¯k
)
V K
=
2N∏
i=1
(1 + µ¯iλ)T2N
(
I −
2N∑
j,k=1
HN+jΓˇN+j,N+kH
T
N+kK
µN+jµN+k(λ−1 + µ¯k)
)
=
2N∏
i=1
(λ+ µi)
(
I −
2N∑
a,b=1
HaΓˇabH
T
b K
µb
)(
I −
2N∑
j,k=1
λHjΓˇjkH
T
k K
µj(λ+ µk)
)
=
2N∏
i=1
(λ+ µi)
(
I −
2N∑
j,k=1
HjΓˇjkH
T
k K
λ+ µk
)
= T (λ).
(55)
Hence (39) holds.
Now we consider the symmetries of T2N .
T T2NKT2N = (µ/µ¯)
2NK and ΩT2NΩ
−1 = T2N are derived by setting λ = 0 in (37)
and (38). Taking the coefficient of λ2N in (39), we get T¯2N = KV
−1T−12NV K. Then
T ∗2N = (µ¯/µ)
2NV −1T2NV is obtained by using T
T
2NKT2N = (µ/µ¯)
2NK.
If (T2N )jj is diagonal whenever rj > 1, then T
∗
2N = (µ¯/µ)
2NV −1T2NV implies that
(µ¯/µ)NT2N is a real diagonal matrix. In this case, V˜ is a real diagonal matrix satisfying
ΩV˜ Ω−1 = V˜ , V˜ TKV˜ = K. The theorem is proved.
According to Theorem 1, to verify that T (λ) is a Darboux matrix keeping all the
symmetries in (5), it is only necessary to verify that (T2N )jj is diagonal whenever rj > 1.
In the rest of this section, we will show this fact and simplify the expression of the solutions
.
Lemma 5 Let N be a positive integer, p be an integer, a be a complex number. Let
ω = exp(2pii/N). For any integer k, let {k} be the remainder of k divided by N . Then
N∑
i=1
ω−p(i−1)
1− aωi−1
=
Na{p}
1− aN
(56)
if aN 6= 1, and
N∑
i=1
i6=k
ω−p(i−1)
1− aωi−1
=
(N − 1
2
− {p}
)
a{p} (57)
if a = ω−k+1.
Proof Suppose |a| < 1. Since
N∑
i=1
ωk(i−1) = Nδk0, we have
N∑
i=1
ω−p(i−1)
1− aωi−1
=
∞∑
k=0
N∑
i=1
akω(k−p)(i−1) = N
∞∑
k=0
k−p≡0modN
ak
= N
∞∑
j=0
aNj+{p} =
Na{p}
1− aN
.
(58)
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Similar conclusion holds for a with |a| > 1. When |a| = 1 but aN 6= 1, (56) is derived by
a limit. When a = ω−k+1, (57) is obtained similarly without considering the term with
i = k. The lemma is proved.
Let ea (a = 1, · · · , N) be N dimensional vectors with the entries (ea)k = ω
−(a−1)(k−1),
then e∗aeb = Nδab. Write H =

h1
...
hN
 where hj is an rj × 1 column vector. By (41), (42)
and Lemma 5,
(Aea)j =
N∑
k=1
Ajk(ea)k
=
N∑
k,c=1
ω(1−m)(j−1)ω−(k−j)(c−1)ω−(a−1)(k−1)hTm−cKm−c,chc
(1 + ωk−j)µ
=
N∑
c=1
N
2µ
(−1){a+c−2}hTm−cKm−c,chc(ea+m−1)j
(59)
when N is odd, and
(Aea)j =
N∑
k,c=1
k 6=j+εn
ω(1−m)(j−1)ω−(k−j)(c−1)ω−(a−1)(k−1)hTm−cKm−c,chc
(1 + ωk−j)µ
+
N∑
c=1
ω(1−m)(j−1)(−1)c−1ω−(a−1)(j+εn−1)h′Tm−cKm−c,chc
=
N∑
c=1
(−1)a+c−1
(
{a+ c− 2}µ−1hTm−cKm−c,chc − σ(m)h
′T
m−cKm−c,chc
)
·(ea+m−1)j
(60)
when N is even with σ(m) =
{
1 if m is odd
0 if m is even
. Here we use the facts (−1){k} = (−1)k
and HTKΩnH = 0 for even N , and H ′TKΩnH = 0 for even N and even m.
Likewise, we can get all the expressions of Aea, Bea, Cea and Dea for both odd and
even N . They are
Aea = Nµ
−1αaea+m−1, Bea = Nµ
−1βaea+1,
Cea = Nµ¯γaea+1, Dea = Nµ¯δaea−m+3
(61)
where
αa =
1
2
N∑
c=1
(−1){a+c−2}hTm−cKm−c,chc,
βa = |µ|
2
N∑
c=1
(−|µ|2){c−a−1}
1 + |µ|2N
h∗cV
−1
cc hc,
γa =
N∑
c=1
(−|µ|2){a+c−2}
1 + |µ|2N
h∗cV
−1
cc hc,
δa =
1
2
N∑
c=1
(−1){a−c}h∗m−cKm−c,ch¯c
(62)
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for odd N , and
αa =
1
N
N∑
c=1
(−1)a+c−1
(
{a+ c− 2}hTm−cKm−c,chc − σ(m)µh
′T
m−cKm−c,chc
)
βa = |µ|
2
N∑
c=1
(−|µ|2){c−a−1}
1− |µ|2N
h∗cV
−1
cc hc,
γa =
N∑
c=1
(−|µ|2){a+c−2}
1− |µ|2N
h∗cV
−1
cc hc,
δa =
1
N
N∑
c=1
(−1)a+c−1
(
{a− c}h∗m−cKm−c,ch¯c + σ(m)µ¯h
′ ∗
m−cKm−c,ch¯c
)
(63)
for even N .
Since Γ−1 =
(
Aˇ Bˇ
Cˇ Dˇ
)
where
Aˇ = (A− BD−1C)−1, Bˇ = −A−1B(D − CA−1B)−1,
Cˇ = −D−1C(A− BD−1C)−1, Dˇ = (D − CA−1B)−1,
(64)
we have
Aˇea =
µ
N
δa−1
∆a+1
ea−m+1, Bˇea = −
1
Nµ¯
βa+m−3
∆a+m−1
ea−1,
Cˇea = −
µ
N
γa−m+1
∆a+1
ea−1, Dˇea =
1
Nµ¯
αa−1
∆a+m−1
ea+m−3
(65)
where
∆a = αa−mδa−2 − βa−2γa−m. (66)
That is,
N∑
b=1
Aˇabω
−(j−1)(b−1) =
µ
N
δj−1
∆j+1
ω−(j−m)(a−1),
N∑
b=1
Bˇabω
−(j−1)(b−1) = −
1
Nµ¯
βj+m−3
∆j+m−1
ω−(j−2)(a−1),
N∑
b=1
Cˇabω
−(j−1)(b−1) = −
µ
N
γj−m+1
∆j+1
ω−(j−2)(a−1),
N∑
b=1
Dˇabω
−(j−1)(b−1) =
1
Nµ¯
αj−1
∆j+m−1
ω−(j+m−4)(a−1).
(67)
(62), (63) and the identity {−p− 1}+ {p} = N − 1 lead to the following relations.
Lemma 6 The coefficients αk, βk, γk, δk satisfy
α3−m−k = αk, δ¯k = αk−m+2,
β¯k = βk, γ¯k = γk, βk = |µ|
2γ1−k.
(68)
Moreover,
∆k = |αk−m|
2 − βk−2γk−m (69)
is real and satisfies
∆3+m−k = ∆k. (70)
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From (67), we have
N∑
a,b=1
(µ−1b HaAˇabH
T
b K)jk = ∆
−1
2+m−jα¯2−jhjh
T
m−jKm−j,jδjk,
N∑
a,b=1
(µ−1N+bHaBˇabH
T
N+bK)jk = −∆
−1
2+m−jβm−jhjh
∗
jV
−1
jj δjk,
N∑
a,b=1
(µ−1b HN+aCˇabH
T
b K)jk
= −∆−12+m−jγ2−jKj,m−jV
−1
m−j,m−jh¯m−jh
T
m−jKm−j,jδjk,
N∑
a,b=1
(µ−1N+bHN+aDˇabH
T
N+bK)jk
= ∆−12+m−jα2−jKj,m−jV
−1
m−j,m−jh¯m−jh
∗
jV
−1
jj δjk
(71)
for a, b = 1, · · · , N .
Denote T2N = (µ/µ¯)
NF where F = I −
2N∑
a,b=1
µ−1b HaΓˇabH
T
k K. (71) leads to F =
(fjδjk)1≤j,k≤N where
fj=Irj −∆
−1
2+m−j
(
α¯2−jhjh
T
m−jKm−j,j + α2−jKj,m−jV
−1
m−j,m−jh¯m−jh
∗
jV
−1
jj
−βm−jhjh
∗
jV
−1
jj − γ2−jKj,m−jV
−1
m−j,m−jh¯m−jh
T
m−jKm−j,j
) (72)
is an rj × rj matrix.
Computing fj’s explicitly, we get the expressions of new solutions of the two dimen-
sional elliptic affine Toda equation (4) from known ones by Darboux transformation.
Theorem 2 Let V (z, z¯) be a real diagonal matrix solution of the two dimensional elliptic
affine Toda equation (4), satisfying V TKV = K and det Vjj = 1 for j with 2j ≡ mmodN .
Let H =

h1
...
hN
 be a column solution of the Lax pair (2) with λ = µ (µ 6= 0, |µ| 6= 1)
where hj is an rj × 1 column vector. When both N and m are even, H should also satisfy
the constraint HTKΩN/2H = 0. Let αj, βj, γj be given by (62) and (63) for odd and
even N respectively, and ∆j be given by (69). When rj = 2, denote Vjj =
(
vj
v−1j
)
,
hj =
(
hj1
hj2
)
. Then
fj =
∆1+m−j
∆2+m−j
(73)
if rj = 1, and
fj =

|hj1|
2v−1j − γ2−j
|hj2|2vj − γ2−j
0
0
|hj2|
2vj − γ2−j
|hj1|2v
−1
j − γ2−j
 (74)
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if rj = 2. Moreover, det fj = 1 for j with 2j ≡ mmodN no matter rj = 1 or 2.
Therefore, V˜ = (Vjjfjδjk)1≤j,k≤N is a new real diagonal solution of (4) provided that fj is
positive definite, and satisfies V˜ TKV˜ = K and det V˜jj = 1 for j with 2j ≡ mmodN .
Proof First suppose rj = 2. As demanded at the beginning of Section 2, rj = 2
holds only when 2j ≡ mmodN .
When N = 2n is even, 2j ≡ mmodN happens only when m is even, and j = m/2 or
j = n +m/2 in this case. For this j, the constraint HTKΩnH = 0 implies
hTj Kjjhj + (−1)
nhTn+jKn+j,n+jhn+j + 2
n−1∑
k=1
(−1)khTj−kKj−k,j+khj+k = 0. (75)
With this constraint,
α2−j =
1
2n
2n∑
c=1
(−1)j+c+1{c− j}hT2j−cK2j−c,chc
=
1
2
(−1)n+1hTn+jKn+j,n+jhn+j +
n−1∑
k=1
(−1)k+1hTj−kKj−k,j+khj+k
=
1
2
hTj Kjjhj = hj1hj2,
(76)
βj + γ2−j = |µ|
2
2n∑
c=1
(−|µ|2){c−j−1}
1− |µ|4n
h∗cV
−1
cc hc +
2n∑
c=1
(−|µ|2){c−j}
1− |µ|4n
h∗cV
−1
cc hc
= h∗jV
−1
jj hj = |hj1|
2v−1j + |hj2|
2vj .
(77)
Hence if rj = 2,
fj = I2 −∆
−1
2+j
(
α¯2−jhjh
T
j Kjj + α2−jKjjV
−1
jj h¯jh
∗
jV
−1
jj
−βjhjh
∗
jV
−1
jj − γ2−jKjjV
−1
jj h¯jh
T
j Kjj
)
=

|hj1|
2v−1j − γ2−j
|hj2|2vj − γ2−j
0
0
|hj2|
2vj − γ2−j
|hj1|2v
−1
j − γ2−j

(78)
is a diagonal matrix with det fj = 1, since
∆2+j = (|hj1|
2v−1j − γ2−j)(|hj2|
2vj − γ2−j). (79)
When N is odd, there is no constraint on H . From (62), the equalities α2−j = hj1hj2
and βj + γ2−j = |hj1|
2v−1j + |hj2|
2vj still hold for j with 2j ≡ mmodN . Hence (78) is still
true when N is odd and rj = 2.
Now we consider the case rj = 1. Denote σj = V
−1
jj |hj|
2, τj = hm−jhj , then
fj = 1−∆
−1
2+m−j(α¯2−jτj + α2−j τ¯j − βm−jσj − r2−jσm−j) (80)
since Vm−j,m−jVjj = 1. By direct calculation, we have
βm−j−1 + |µ|
2βm−j = |µ|
2σm−j ,
γ2−j + |µ|
2γ1−j = σj ,
α2−j + α1−j = τj .
(81)
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Here the relation HTKΩnH = 0 is used for even N . (81) leads to
∆2+m−j −∆1+m−j = |α2−j|
2 − |α1−j |
2 − βm−jγ2−j + βm−j−1γ1−j
= α¯2−jτj + α2−j τ¯j − βm−jσj − r2−jσm−j + σjσm−j − |τj|
2
= α¯2−jτj + α2−j τ¯j − βm−jσj − r2−jσm−j
(82)
by using Vm−j,m−jVjj = 1. Hence
fj =
∆1+m−j
∆2+m−j
. (83)
If j satisfies 2j ≡ mmodN , then (70) implies fj = 1. The theorem is proved.
According to different choices of N , K and r1, · · · , rN , the local solutions of various
two dimensional elliptic affine Toda equations can be obtained from Theorem 2, which
will be shown in the next section.
Although in Theorem 2, only Darboux transformation with one spectral parameter µ
is presented, Darboux transformation of higher degree can be obtained by the composition
of this kind of Darboux transformations.
4 Darboux transformations for two dimensional el-
liptic A
(1)
l , A
(2)
2l , A
(2)
2l−1, B
(1)
l , C
(1)
l , D
(1)
l and D
(2)
l+1 Toda
equations
In this section we present the explicit expressions of new solutions given by Darboux
transformations for various two dimensional elliptic affine Toda equations.
The two dimensional elliptic A
(1)
l Toda equation is not contained in the system dis-
cussed in Section 2 and 3, since it does not possess the complex orthogonal symmetry.
However, a simpler Darboux transformation can be constructed due to the lack of this
symmetry.
For the rest six series of equations the results presented below are the consequences of
Theorem 2 directly.
4.1 Two dimensional elliptic A
(1)
l Toda equation (l ≥ 1)
In this case, M = N = l + 1, r1 = · · · = rl+1 = 1; ω = exp
( 2pii
l + 1
)
; Ω = (Ωjk)1≤j,k≤l+1
with Ωjk = ω
−j+1δjk; J = (Jjk)1≤j,k≤l+1 with Jjk = δj+1,k; V = (Vjk)1≤j,k≤l+1 with
Vjk = e
ujδjk and
l+1∑
j=1
uj = 0. There is no matrix K defining complex orthogonal symmetry.
The equation is
△uj = e
uj−uj−1 − euj+1−uj (j = 1, · · · , l + 1) (84)
with u0 = ul+1, ul+2 = u1. By setting wj = −(u1 + · · ·+ uj) (j = 1, · · · , l), it becomes
△w1 = e
2w1−w2 − e−w1−wl,
△wj = e
−wj−1+2wj−wj+1 − e−w1−wl (j = 2, · · · , l − 1),
△wl = e
−wl−1+2wl − e−w1−wl.
(85)
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Similar to (ii) and (iii) of Lemma 2, we know that if Φ is a solution of the Lax pair
with λ = λ0, V
−1Φ¯ is a solution of the adjoint Lax pair with λ = −λ¯−10 . (This symmetry
can also be changed to a unitary symmetry by a gauge transformation [11, 21].) Owing
to this fact, the Darboux transformation can be constructed as follows.
Let µ be a non-zero complex number with |µ| 6= 1. Let H be a column solution
of the Lax pair (2). Let µj = ω
j−1µ, Hj = Ω
j−1H (j = 1, · · · , N) with N = l + 1.
Let Γjk =
H∗j V
−1Hk
1 + µ¯jµk
, then Γj+1,k+1 = Γjk, Γ
∗
jk = Γkj, Γjk,z = µ¯
−1
j H
∗
j V
−1JHk, Γjk,z¯ =
µ−1k H
∗
j J
TV −1Hk.
Let
T (λ) =
N∏
i=1
(λ+ µ¯−1i )
(
I −
N∑
j,k=1
HjΓˇjkH
∗
kV
−1
µ¯kλ+ 1
)
, (86)
where Γˇ = Γ−1, then
T (λ)−1 =
N∏
i=1
(λ+ µ¯−1i )
−1
(
I +
N∑
j,k=1
HjΓˇjkH
∗
kV
−1
µ¯k(λ− µj)
)
. (87)
Similar to Lemma 4, we know that V˜ = ρ−1TNV satisfies (4) for any non-zero complex
number ρ. What is more, similar to Theorem 1,
ΩT (λ)Ω−1 = T (ωλ),
λNV T (−λ¯−1)∗V −1T−1N =
N∏
i=1
(µ−1i λ− 1)(µ¯iλ+ 1)T (λ)
−1 (88)
hold by simpler computation which is omitted here. Especially, TN satisfies ΩTNΩ
−1 =
TN , T
∗
N = (µ¯/µ)
NV −1TNV = (µ¯/µ)
NTN since all rj = 1. Hence (−1)
Nµ−NTN is a real
diagonal matrix.
Written in terms of the basis {eα}, we have
Γea = Nαaea, Γ
−1ea =
1
N
α−1a ea (89)
where
αa =
N∑
c=1
(−|µ|2){a+c−2}
1− (−|µ|2)N
|hc|
2V −1cc . (90)
Then TN = ((−1)
N µ¯−N |µ|2fjδjk)1≤j,k≤N where
fj = |µ|
−2(α−12−j |hj|
2V −1jj − 1) =
α1−j
α2−j
(91)
by using (90). Hence we get the following explicit result for the new solution V˜ =
(fjVjjδjk)1≤j,k≤l+1.
Let (u1, · · · , ul+1) be a solution of (84), (h1, · · · , hl+1)
T be a column solution of the
corresponding Lax pair where h1, · · · , hl+1 are scalar functions. Then the new solution of
(84) is u˜j = uj + ln
gj+1
gj
(j = 1, · · · , l + 1) with
gj =
l+1∑
c=1
(−|µ|2){c−j}|hc|
2e−uc . (92)
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4.2 Two dimensional elliptic A
(2)
2l Toda equation (l ≥ 1)
In this case, M = N = 2l + 1, r1, · · · , r2l+1 = 1, m = 2; ω = exp
( 2pii
2l + 1
)
;
Ω = (Ωjk)1≤j,k≤2l+1 with Ωjj = ω
−j+1δjk; K = (Kjk)1≤j,k≤2l+1 with Kjk = δj+k,2;
J = (Jjk)1≤j,k≤2l+1 with Jjk = δj+1,k; V = (Vjk)1≤j,k≤2l+1 with non-zero entries V11 = 1,
Vj+1,j+1 = e
uj and V2l+2−j,2l+2−j = e
−uj for j = 1, · · · , l. The equation is
△u1 = e
u1 − eu2−u1 ,
△uj = e
uj−uj−1 − euj+1−uj (j = 2, · · · , l − 1),
△ul = e
ul−ul−1 − e−2ul
(93)
when l ≥ 2 and
△u1 = e
u1 − e−2u1 . (94)
when l = 1. By setting wj = −(u1 + · · ·+ uj) (j = 1, · · · , l), they become
△w1 = e
2w1−w2 − e−w1,
△wj = e
−wj−1+2wj−wj+1 − e−w1 (j = 2, · · · , l − 1),
△wl = e
−2wl−1+2wl − e−w1
(95)
and
△w1 = e
2w1 − e−w1 (96)
respectively.
Let (u1, · · · , ul) be a solution of (93) or (94), (h1, · · · , h2l+1)
T be a column solution of
the corresponding Lax pair where h1, · · · , h2l+1 are scalar functions. By Theorem 2, the
new solution of (93) or (94) is u˜j = uj + ln
gj+1
gj
(j = 1, · · · , l) where
gj =
1
4
∣∣∣ 2l+1∑
c=1
(−1){c−j}h2−chc
∣∣∣2 − |µ|2γj−1γ2−j (97)
and
γj =
1
1 + |µ|4l+2
(
(−|µ|2){j−1}|h1|
2 +
l∑
c=1
(−|µ|2){j+c−1}|h1+c|
2e−uc
+
l∑
c=1
(−|µ|2){j−c−1}|h1−c|
2euc
)
.
(98)
4.3 Two dimensional elliptic C
(1)
l Toda equation (l ≥ 2)
In this case, M = N = 2l, r1, · · · , r2l = 1, m = 1; ω = exp
(2pii
2l
)
; Ω = (Ωjk)1≤j,k≤2l
with Ωjk = ω
−j+1δjk; K = (Kjk)1≤j,k≤2l with Kjk = δj+k,1; J = (Jjk)1≤j,k≤2l with Jjk =
17
δj+1,k; V = (Vjk)1≤j,k≤2l with non-zero entries Vjj = e
uj and V2l+1−j,2l+1−j = e
−uj for
j = 1, · · · , l. The equation is
△u1 = e
2u1 − eu2−u1 ,
△uj = e
uj−uj−1 − euj+1−uj (j = 2, · · · , l − 1),
△ul = e
ul−ul−1 − e−2ul.
(99)
By setting wj = −(u1 + · · ·+ uj) (j = 1, · · · , l), it becomes
△w1 = e
2w1−w2 − e−2w1 ,
△wj = e
−wj−1+2wj−wj+1 − e−2w1 (j = 2, · · · , l − 1),
△wl = e
−2wl−1+2wl − e−2w1 .
(100)
Let (u1, · · · , ul) be a solution of (99), (h1, · · · , h2l)
T be a column solution of the corre-
sponding Lax pair where h1, · · · , h2l are scalar functions. By Theorem 2, the new solution
of (99) is u˜j = uj + ln
gj+1
gj
(j = 1, · · · , l) where
gj =
1
4l2
∣∣∣ 2l∑
c=1
(−1)c({c− j}h1−chc − µh
′
1−chc)
∣∣∣2 − |µ|2γjγ2−j (101)
and
γj =
1
1− |µ|4l
(
l∑
c=1
(−|µ|2){j+c−2}|hc|
2e−uc +
l∑
c=1
(−|µ|2){j−c−1}|h1−c|
2euc
)
. (102)
4.4 Two dimensional elliptic D
(2)
l+1 Toda equation (l ≥ 2)
In this case, M = N = 2l + 2, r1, · · · , r2l+2 = 1, m = 2; ω = exp
( 2pii
2l + 2
)
;
Ω = (Ωjk)1≤j,k≤2l+2 with Ωjk = ω
−j+1δjk; K = (Kjk)1≤j,k≤2l+2 with Kjk = δj+k,2;
J = (Jjk)1≤j,k≤2l+2 with Jjk = δj+1,k; V = (Vjk)1≤j,k≤2l+2 with non-zero entries V11 = 1,
Vl+2,l+2 = 1, Vj+1,j+1 = e
uj and V2l+3−j,2l+3−j = e
−uj for j = 1, · · · , l. The equation is
△u1 = e
u1 − eu2−u1 ,
△uj = e
uj−uj−1 − euj+1−uj (j = 2, · · · , l − 1),
△ul = e
ul−ul−1 − e−ul.
(103)
By setting wj = −(u1+ · · ·+uj) (j = 1, · · · , l− 1) and wl = −
1
2
(u1+ · · ·+ul), it becomes
△w1 = e
2w1−w2 − e−w1,
△wj = e
−wj−1+2wj−wj+1 − e−w1 (j = 2, · · · , l − 2),
△wl−1 = e
−wl−2+2wl−1−2wl − e−w1 , △wl =
1
2
e−wl−1+2wl −
1
2
e−w1.
(104)
Let (u1, · · · , ul) be a solution of (103), (h1, · · · , h2l+2)
T be a column solution of the
corresponding Lax pair satisfying
h21 + (−1)
l+1h2l+2 + 2
l+1∑
c=2
(−1)c−1hch2−c = 0 (105)
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where h1, · · · , h2l+2 are scalar functions. By Theorem 2, the new solution of (103) is
u˜j = uj + ln
gj+1
gj
(j = 1, · · · , l) where
gj =
1
(2l + 2)2
∣∣∣ 2l+2∑
c=1
(−1)c{c− j}h2−chc
∣∣∣2 − |µ|2γj−1γ2−j (106)
and
γj =
1
1− |µ|4l+4
(
(−|µ|2){j−1}|h1|
2 + (−|µ|2){j+l}|hl+2|
2
+
l∑
c=1
(−|µ|2){j+c−1}|h1+c|
2e−uc +
l∑
c=1
(−|µ|2){j−c−1}|h1−c|
2euc
)
.
(107)
4.5 Two dimensional elliptic A
(2)
2l−1 Toda equation (l ≥ 3)
In this case, N = 2l − 1, M = N + 1, r1 = 2, r2 = · · · = r2l−1 = 1, m = 2; ω =
exp
( 2pii
2l − 1
)
; Ω = (Ωjk)1≤j,k≤2l−1 with non-zero entries Ω11 =
(
1
1
)
and Ωjj = ω
−j+1
for j = 2, · · · , 2l − 1; K = (Kjk)1≤j,k≤2l−1 with non-zero entries K11 =
(
1
1
)
and
Kj,2l+1−j = 1 for j = 2, · · · , 2l− 1; J = (Jjk)1≤j,k≤2l−1 with non-zero entries J12 =
(
1
1
)
,
J2l−1,1 =
(
1 1
)
and Jj,j+1 = 1 for j = 2, · · · , 2l − 2; V = (Vjk)1≤j,k≤2l−1 with non-zero
entries V11 =
(
eu1
e−u1
)
, Vjj = e
uj and V2l+1−j,2l+1−j = e
−uj for j = 2, · · · , l. The
equation is
△u1 = e
u2+u1 − eu2−u1 , △u2 = e
u2+u1 + eu2−u1 − eu3−u2 ,
△uj = e
uj−uj−1 − euj+1−uj (j = 3, · · · , l − 1),
△ul = e
ul−ul−1 − e−2ul.
(108)
By setting wj = −(u1 + u2 + · · ·+ uj) (j = 1, · · · , l), it becomes
△w1 = e
2w1−w2 − e−w2 ,
△wj = e
−wj−1+2wj−wj+1 − 2e−w2 (j = 2, · · · , l − 1),
△wl = e
−2wl−1+2wl − 2e−w2 .
(109)
Let (u1, · · · , ul) be a solution of (108),

h1
...
h2l−1
 be a column solution of the corre-
sponding Lax pair where h1 =
(
h11
h12
)
and h11, h12, h2, · · · , h2l−1 are scalar functions. By
19
Theorem 2, the new solution of (108) is
u˜1 = u1 + ln
|h11|
2e−u1 − γ1
|h12|
2eu1 − γ1
,
u˜j = uj + ln
gj+1
gj
(j = 2, · · · , l)
(110)
where
gj =
1
4
∣∣∣2h11h12 + 2l−1∑
c=2
(−1){c−j}−{1−j}h2−chc
∣∣∣2 − |µ|2γj−1γ2−j (111)
and
γj =
1
1 + |µ|4l−2
(
(−|µ|2){j−1}(|h11|
2e−u1 + |h12|
2eu1)
+
l∑
c=2
(−|µ|2){j+c−2}|hc|
2e−uc +
l∑
c=2
(−|µ|2){j−c}|h2−c|
2euc
)
.
(112)
4.6 Two dimensional elliptic B
(1)
l Toda equation (l ≥ 3)
In this case, N = 2l, M = N + 1, r1 = 2, r2 = · · · = r2l = 1, m = 2; ω =
exp
(2pii
2l
)
; Ω = (Ωjk)1≤j,k≤2l with non-zero entries Ω11 =
(
1
1
)
and Ωjj = ω
−j+1 for
j = 2, · · · , 2l; K = (Kjk)1≤j,k≤2l with non-zero entries K11 =
(
1
1
)
and Kj,2l+2−j = 1
for j = 2, · · · , 2l; J = (Jjk)1≤j,k≤2l with non-zero entries J12 =
(
1
1
)
, J2l,1 =
(
1 1
)
and Jj,j+1 = 1 for j = 2, · · · , 2l − 1; V = (Vjk)1≤j,k≤2l with non-zero entries V11 =(
eu1
e−u1
)
, Vl+1,l+1 = 1, Vjj = e
uj and V2l+2−j,2l+2−j = e
−uj for j = 2, · · · , l. The
equation is
△u1 = e
u2+u1 − eu2−u1 , △u2 = e
u2+u1 + eu2−u1 − eu3−u2 ,
△uj = e
uj−uj−1 − euj+1−uj (j = 3, · · · , l − 1),
△ul = e
ul−ul−1 − e−ul.
(113)
By setting wj = −(u1 + · · ·+ uj) (j = 1, · · · , l − 1), wl =
1
2
(u1 + · · ·+ ul), it becomes
△w1 = e
2w1−w2 − e−w2,
△wj = e
−wj−1+2wj−wj+1 − 2e−w2 (j = 2, · · · , l − 2),
△wl−1 = e
−wl−2+2wl−1−2wl − 2e−w2, △wl =
1
2
e−wl−1+2wl − e−w2.
(114)
Let (u1, · · · , ul) be a solution of (113),

h1
...
h2l
 be a column solution of the corre-
sponding Lax pair satisfying
2h11h12 + (−1)
lh2l+1 + 2
l∑
c=2
(−1)c−1hch2−c = 0 (115)
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where h1 =
(
h11
h12
)
and h11, h12, h2, · · · , h2l are scalar functions. By Theorem 2, the new
solution of (113) is
u˜1 = u1 + ln
|h11|
2e−u1 − γ1
|h12|
2eu1 − γ1
,
u˜j = uj + ln
gj+1
gj
(j = 2, · · · , l)
(116)
where
gj =
1
4l2
∣∣∣2{1− j}h11h12 + 2l∑
c=2
(−1)c+1{c− j}h2−chc
∣∣∣2 − |µ|2γj−1γ2−j (117)
and
γj =
1
1− |µ|4l
(
(−|µ|2){j−1}(|h11|
2e−u1 + |h12|
2eu1) + (−|µ|2){j+l−1}|hl+1|
2
+
l∑
c=2
(−|µ|2){j+c−2}|hc|
2e−uc +
l∑
c=2
(−|µ|2){j−c}|h2−c|
2euc
)
.
(118)
4.7 Two dimensional elliptic D
(1)
l Toda equation (l ≥ 4)
In this case, N = 2l−2,M = N+2, r1 = rl+1 = 2, r2 = · · · = rl = rl+2 = · · · = r2l = 1,
m = 2; ω = exp
( 2pii
2l − 2
)
; Ω = (Ωjk)1≤j,k≤2l−2 with non-zero entries Ω11 = Ωll =
(
1
1
)
and Ωjj = ω
−j+1 for j = 2, · · · , l − 1, l + 1, · · · , 2l − 2; K = (Kjk)1≤j,k≤2l−2 with non-zero
entries K11 = Kll =
(
1
1
)
and Kj,2l−j = 1 for j = 2, · · · , l − 1, l + 1, · · · , 2l − 2;
J = (Jjk)1≤j,k≤2l−2 with non-zero entries J12 = Jl,l+1 =
(
1
1
)
, Jl−1,l = J2l−2,1 =
(
1 1
)
and Jj,j+1 = 1 for j = 2, · · · , l − 2, l, · · · , 2l − 3; V = (Vjk)1≤j,k≤2l−2 with non-zero entries
V11 =
(
e−u1
eu1
)
, Vll =
(
eul
e−ul
)
, Vjj = e
uj and V2l−j,2l−j = e
−uj for j = 2, · · · , l−
1. The equation is
△u1 = e
u2+u1 − eu2−u1, △u2 = e
u2+u1 + eu2−u1 − eu3−u2,
△uj = e
uj−uj−1 − euj+1−uj (j = 3, · · · , l − 2),
△ul−1 = e
ul−1−ul−2 − eul−ul−1 − e−ul−ul−1, △ul = e
ul−ul−1 − e−ul−ul−1 .
(119)
By setting wj = −(u1 + · · ·+ uj) (j = 1, · · · , l − 2), wl−1 = −
1
2
(u1 + · · ·+ ul−1 + ul),
wl = −
1
2
(u1 + · · ·+ ul−1 − ul), it becomes
△w1 = e
2w1−w2 − e−w2,
△wj = e
−wj−1+2wj−wj+1 − 2e−w2 (j = 2, · · · , l − 3),
△wl−2 = e
−wl−3+2wl−2−wl−1−wl − 2e−w2,
△wl−1 = e
−wl−2+2wl−1 − e−w2, △wl = e
−wl−2+2wl − e−w2 .
(120)
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Let (u1, · · · , ul) be a solution of (119),

h1
...
h2l
 be a column solution of the corre-
sponding Lax pair satisfying
h11h12 + (−1)
l−1hl1hl2 +
l−1∑
c=2
(−1)c−1hch2−c = 0 (121)
where h1 =
(
h11
h12
)
and hl =
(
hl1
hl2
)
, and h11, h12, h2, · · · , hl−1, hl1, hl2, hl+1, · · ·, h2l−1
are scalar functions. By Theorem 2, the new solution of (119) is
u˜1 = u1 + ln
|h11|
2eu1 − γ1
|h12|
2e−u1 − γ1
,
u˜j = uj + ln
gj+1
gj
(j = 2, · · · , l − 1),
u˜l = ul + ln
|hl1|
2e−ul − γl
|hl2|
2eul − γl
(122)
where
gj =
1
(2l − 2)2
∣∣∣2{1− j}h11h12 + 2(−1)l−1{l − j}hl1hl2
+
2l−2∑
c=2
c 6=l
(−1)c+1{c− j}h2−chc
∣∣∣2 − |µ|2γj−1γ2−j (123)
and
γj =
1
1− |µ|4l−4
(
(−|µ|2){j−1}(|h11|
2eu1 + |h12|
2e−u1)
+(−|µ|2){j+l−2}(|hl1|
2e−ul + |hl2|
2eul)
+
l−1∑
c=2
(−|µ|2){j+c−2}|hc|
2e−uc +
l−1∑
c=2
(−|µ|2){j−c}|h2−c|
2euc
)
.
(124)
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